In this paper we make re-analysis of a self-similarity based model of the proton structure function at small x pursued in recent years. The additional assumption is that it should be singularity free in the entire kinematic range 0 < x < 1. Our analysis indicates that the model is valid in a more restrictive range of Q 2 . We also discuss the possibility of incorporation of Froissart saturation condition in the model.
Introduction
Self-similarity is a possible feature of multi-partons inside a proton at small x suggested by Lastovicka [1] and pursued by us in recent years [2, 3, 4, 5, 6] . More recently, we have examined its consequences in [7] double parton distribution function(dPDF) to be tested at LHC, in Froissart saturation [8] and Longitudinal structure function [9] .
One of the theoretical limitations of the model of Ref [1] is that it has a singularity at x ∼ 1.172 × 10 −4 which is within the physically allowed range 0 < x < 1. Even though outside its phenomenological range of validity 6.2×10 −7 < x < 0.01, such singularity is beyond common expectations from any physically viable model of proton structure function F 2 (x, Q 2 ). In the present paper, we therefore make a re-analysis of the model of Ref [1] , demanding it to be singularity free in the entire x-range of 0 < x < 1.
Present work will also study the consequences of the suggestion of Ref [8] in the context of the reported reanalysis. In section2, we outline the formalism and in section3, we discuss the results. Section4 contains the conclusions.
Formalism

Proton Structure Function based on self-similarity
The self-similarity based model of the proton structure function of Ref [1] is based on transverse momentum dependent parton distribution function(TMD) f i (x, k , it is written as [1, 7, 8] 
where i denotes a quark flavor. Here D 1 , D 2 , D 3 are the three flavor independent model parameters while D i 0 is the only flavor dependent normalization constant. M 2 (=1 GeV 2 ) is introduced to make (PDF) q i (x, Q 2 ) as defined below (in Eqn(2)) dimensionless. The integral quark densities then defined as:
As a result, the following analytical parametrization of a quark density is obtained by using Eqn(2) [6] q
where,
is flavor independent. Using Eqn(3) in the usual definition of the structure function
or it can be written as
where
From HERA data [10, 11] , Eqn(6) was fitted with
in the kinematical region,
Singularity free Structure Function
The model of Ref [1] has two inherent limitations. First, the parameter D 3 is negative contrary to the expectations of positivity of the fractal dimensions [2] . Secondly, due to its negative value, Eqn(6) develops a singularity at x ∽ 1.172 × 10 −4 [6] as it satisfies the condition 1 + D 3 + D 1 log 1 x = 0, contrary to the expectation of a physically viable form of Structure Function. The model can be made singularity free under following specific conditions of the model parameters. (6) will be of the form: 
respectively.
Case 4 : This is the most general case for the singularity free model, Eqn(6) under the condition that D 1 , D 2 , D 3 are positive.
Froissart inspired Proton structure function based on self-similarity
It is to be noted that the variable in which the supposed fractal scaling in the quark distribution occur is not known for the underlying theory. In Ref [1] , the choice of
as one of the magnification factors was taken presumably because of the power law form of the quark distribution at small x found in Glück-Reya-Vogt (GRV) distribution [12] . However, this form is not derived for the theory but rather inspired by the power law distribution in x assumed for GRV distribution for QCD evaluation. The choice of 1 x as the proper scaling variable is not an established result of the underlying theory.
A more plausible variable appears instead to be log 1 x
[13] which confirms to the Froissart saturation [14, 15] of high energy interaction.
With this choice, Transverse Momentum Dependent Structure Function (TMD) and Parton Distribution Function (PDF) now take the following forms [8] 
The structure function as defined in Eqn(6) becomes
For very small x and large Q 2 , the second term of Eqn (18) can be neglected leading tõ
which satisfies the Froissart saturation condition, if
within loglog
3 Results
Analysis of singularity free model
To determine the parameters of the model
we use recently compiled HERA data [16] instead of earlier data [10, 11] used in Ref [1] . Following this procedure of Ref [1] we make χ 2 -analysis of the data and find the following results.
Case 1 : We note that D 2 =1 is ruled out since it will make the Structure Function Eqn (10) x-independent. In Table 1 we show the results. From the χ 2 -analysis, the model in case 1 is confined well with data for 0.35≤ Q 2 ≤70GeV 2 and 6.62× 10 −6 ≤ x ≤ 0.08. Note that D 3 and D 1 are taken to be zero in this limit. Here the number of F 2 data points is 222. 138.67 0.80
Here parameters are best fitted in the range 0.35≤ Q 2 ≤15 GeV 2 and 6.62× 10 −6 ≤ x ≤ 0.02 and given in Table 3 . The number of F 2 data points is 146. Table 4 and obtained in a more restrictive range 0.85≤ Q 2 ≤10 GeV 2 and 2× 10 −5 ≤ x ≤0.02. The number of F 2 data points is 95. 18.829 0.20
In Figure 1 , we plot F 2 as a function of x for eight representative values of Q 2 (Q 2 = 1.5, 2, 2.7, 3.5, 4.5, 6.5, 8.5, 10 GeV 2 ) in the phenomenological allowed range 0.85≤ Q 2 ≤10 GeV 2 . We also show the corresponding available data from Ref [16] .
Our analysis indicates that the phenomenological range of validity of the present version of the model is more restrictive 0.85 ≤ Q 2 ≤ 10 GeV 2 and 2 × 10 −5 ≤ x ≤ 0.02 to be compared with Eqn(8) of the previous version of Ref [1] .
We also observe the following features of the model compared to data: at Q 2 = 1.5GeV 2 data overshoots the theory. But as Q 2 increases, the theoretical curve comes closer to data. At Q 2 =10 GeV 2 , on the other hand, the theory exceeds data. Main reason of this feature is that the x-slope of the model is less than that of the data. This limitation can in principle be overcome by modification of the magnification factor 1 x to 1 x − 1 in Eqn(1) to accommodate proper large x behavior of structure function as noted in Ref [7] .
As an illustration we show results of two representative values of Q 2 = 4.5 and 6.5 GeV 2 in Figure 2 with such magnification using the parameters in Table 4 .
Graphical representation of TMD
It is interesting to predict the k 2 t -dependance of unintegrated parton distribution (TMD) from the x and Q 2 dependence of the integrated parton distribution function (PDF). Clearly this can be done within a model framework, as has been noted in Ref [17] as well as in Ref [18] . Though it should be of interest to explore this approach to study k 
which has dimension of mass −2 consistence with Eqn(2) where the PDF q i (x, Q 2 ) is dimensionless. To evaluate Eqn (22) 2 ) as a function of x in bins of Q 2 by recently compiled HERA data.
) vs x as shown in Figure 4 for representative values of (i) k
The present graphical analysis of TMD [ Fig 3,4] is an improvement over the earlier one [18] , in the sense that the experimental limit on k 2 t as determined from data [21] was not taken into consideration there. Further it was also beyond the range of validity of the original model. Proper dimension of the TMD has also been taken into account in the present case.
Let us now compare the structure of the model TMD (Eqn22) with the suggested forms available in current literature.
The standard way to study TMDs is through the factorization approach [20, 21, 22 ] where x and Q 2 -dependence are factorized into a PDF q i (x, Q 2 ) and a Gaussian transverse momentum dependent function h(k
with normalization condition,
Such factorization property of TMD is not present in the model, (Eqn22) nor the Gaussian form Eqn24. Only in the absence of correlation term D 1 (Eqn1) such factorization property emerges. In this limit the k 2 t dependent functional form of the TMD is given by
in contrast to a Gaussian function (Eqn24). Introducing a k 2 t cut off 0 < k
Eqn(26) will satisfy the normalization condition (Eqn25) with a normalization constant 
In figure 5 we compare Eqn(24) and Eqn(26) with k
Possibility of Froissart saturation in the model
The condition of Froissart saturation in the parton distribution function in the model [8] leads to modification of the magnification factor with the additional condition Eqn (21) . For fixedD 1 andD 2 it can be satisfied only for a specific value of Q 2 . As an illustration if one takes the mean values of the set of behavior of the structure function F 2 (x, Q 2 ) with Q 2 -independent exponent is possible in the present model only if the correlation term proportional to D 1 in the definition of TMD (Eqn1) is negligible compared to D 2 and D 3 and it is redefined as
Instead of Eqn (22), in such a case the corresponding PDF and structure function have form as
and
Note that Eqn(29) and Eqn(30) corresponds to case 2 (Eqn11 and Eqn12) of the original model.
Setting D 2 = 2 Eqn(28-30) will then yield the desired Froissart saturation saturation in the model. It is to be noted that condition (21) [Eqn(28) of Ref [8] ] corresponds to the Froissart compatibility of the PDF and not the structure finction F 2 (x, Q 2 ) as defined in Eqn(5) due to the multiplicative x-factor relative to the PDF.
Redefining of TMD in Eqn(28) resolves this anomaly.
Summary
In the present paper, we have made a reanalysis of a structure function F p 2 (x, Q 2 ) based on self-similarity [1] . The present study is based on the notion that a physically viable model proton should be finite in the x-range 0 < x < 1 hence singularity free. It also conforms to the expectation that "fractal dimension" associated with self-similarity are invariably positive definite. We have then studied the possibility of incorporating Froissart saturation bound.
Our analysis indicates that the range of validity of the present version of the model approaches non-perturbative regime of lower Q 2 , 0.85 ≤ Q 2 ≤ 10GeV 2 instead of 0.045 ≤ Q 2 ≤ 120GeV 2 of the Ref [1] . It is also suggested that the x-slope of the predicted structure function can be increased by proper redefinition of the defining magnification factors 1 x as noted in Ref [7] . Interestingly, the range of validity of the present version of the model is close to that of Ref [22] based on holographic QCD.
Pattern of momentum fractions carried by the quarks and gluons in the present model [case [1] [2] [3] [4] is currently under study.
